Abstract. We present the complex analytic and principal complex analytic realizability of a link in a 3-manifold M as a tool for understanding the complex structures on the cone C(M ).
Introduction
Let (Z, p) be a normal complex surface singularity, and M Z its link, i.e., the 3-manifold obtained as the boundary of a small regular neighbourhood of p in Z. Then, Z is locally homeomorphic to the cone C(M Z ) on M Z .
Given a surface singularity link M , there may exists many different analytical structures on the cone C(M ), i.e., normal surfaces singularities (Z, p) whose M Z is homeomorphic to M . A natural problem is to understand these analytic structures on C(M ). In this paper we present an approach by studying the principal analytic link-theory on M . Our aim is to present this point of view to encourage people to pursue this area.
If C is an analytic curve on Z through p, set L C = C ∩ M Z ; the pair (M Z , L C ), defined up to diffeomorphism, is the link of C. Notice that L C is a link in M Z in the usual topological sense: a disjoint union of circles embedded in a 3 manifold. In this situation we say (M, L) = (M Z , L C ) is analytically realized by (Z, C) or simply analytic. We say that (M, L) is principal analytic if it is analytically realized by a pair (Z, C) such that C = f −1 (0), where f : (Z, p) → (C, 0) is a germ of holomorphic function. In other words, the ideal of O Z,p defining C is principal.
Given a 3-manifold M , we then want to • describe the links L ⊂ M which are analytic (resp. principal analytic), • describe how these links distribute among the different analytic structures on C(M ). When M is the 3 sphere, then Z is smooth [8] , and one deals with plane curves. The two notions, analytic link and principal analytic link, then coincide under the classical name "algebraic link." Their classification is one of the main results of the classical theory of plane curves singularities: such a link is built by repeated cabling operations, and a link L ⊂ S 3 is algebraic iff it is obtained by successive cabling operations which satisfy the so-called Puiseux inequalities. For details see [3] .
For general M the analytic link theory is still well understood, as a consequence of Grauert [4] . The main fact is that analytic realizability is a topological property, so analytic link-theory is no help to understand the analytic structures on C(M ): In section 2 we show that the existence of some analytic structure on C(M ) for which a link is principal analytic in M is still an easily described topological property (see Thm. 2.1, which treats the more general context of multilinks since the zero-set of a holomorphic function may have multiplicity). But, in contrast to analytic realizability, principal analytic realizability depends on the analytic structure. Here is an explicit example ( [9] , exercise 2.15): the two equations 
whereas the maximal cycle on Z ′ , realized by the generic hyperplane section, is 2E
, which is greater. In section 3 we give some results and conjectures about the division of principal analytic links in M among the different analytic structures of C(M ). In section 4 we describe the implications for splice singularities, a class of singularities characterized by their principal analytic link theory.
A principal analytic realization theorem
We first recall the plumbing representation of the pair (M Z , L C ). Let π : X → Z be a resolution of the normal surface germ (Z, p) such that π −1 (p) is a normal crossing divisor with irreducible components E 1 , . . . , E n . Denote by ∆ the dual graph associated with π −1 (p), with vertex v i weighted (g i , e i ) by genus g i and self-intersection e i = E 2 i < 0 of the corresponding E i in X. Then M Z is homeomorphic to the boundary M of the 4-dimensional manifold obtained from ∆ by the classical plumbing process described in [5] . We call M a plumbing manifold.
By Grauert [4] , a plumbing manifold M is the link of a normal complex surface singularity iff it can be given by a plumbing graph ∆ whose associated intersection matrix I(∆) = (E i .E j ) 1≤i,j≤n is negative definite.
If C is a curve on Z, and π : X → Z a resolution of X such that π −1 (C) is a normal crossing divisor, let ∆ be the dual graph of the divisor π −1 (p) decorated with arrows corresponding to the components of the strict transform of C by π. Then the plumbing graph ∆ completely describes the homeomorphism class of the so-called plumbing link (M Z , L C ).
Suppose now that the curve C is the zero locus of a holomorphic function f : (Z, p) → (C, 0). Let C 1 , . . . C r be the irreducible components of C and let
Recall that a multilink is a link whose components are weighted by integers. One defines the multilink of f by
where m j is the multiplicity of f along the branch C j . The plumbing graph ∆ of (M Z , L C ) is then completed by weighting each arrow by the corresponding multiplicity m j .
Let (M, L) be a plumbing multilink with graph ∆. For each vertex v i of ∆, let b i be the sum of the multiplicities carried by the arrows stemming from vertex v i , and set b(∆) = (b 1 , . . . , b n ) ∈ N n . The monodromical system of ∆ is the linear system I(∆) t (l 1 , . . . , l n ) + t b(∆) = 0 with unknowns (l 1 , . . . , l n ), where t means the transposition 
is a plumbing multilink admitting a plumbing graph ∆ whose monodromical system admits a solution
is a fibered multilink and some power of the monodromy Φ : F → F of the fibration is a product of Dehn twists on a collection of disjoint closed curves which includes all boundary curves.
Proof. The equivalence between (ii), (iii) and (iv) appears in [3] when M is a Zhomology sphere and in [16] 
) is a holomorphic function, then a monodromical system is nothing but the well known system in complex geometry ([6], 2.6): ∀i = 1, . . . , n, (f ) [16] when L is a link (5.5). Let generalize the proof to multilinks. The idea is to perform a surgery along the multilink L in order to realize the new 3-manifold as the boundary of a degenerating families of curves, using a realization theorem of Winters ([18] ).
Let us consider the plumbing graph ∆ [18] , there then exists a degenerating family of curves (i.e., a proper holomorphic family which has no critical value except 0) g : Σ → {z ∈ C/|z| < 1}, whose special fiber f −1 (0) has ∆ ′ as dual graph [18] . By Zariski's lemma (e.g., [8] ), condition (ii) implies that the intersection matrix I(∆) is negative definite. One then obtains from Σ a normal surface Z by shrinking to a single point p all the irreducible components of f −1 (0) corresponding to vertices of ∆. Then g induces a holomorphic function Z \ {p} → C, which extends by p → 0 to a holomorphic function f : Z → C as (Z, p) is normal. This f realizes (M, L).
Dependence on analytic structure
There exist some 3-manifolds M whose principal analytic knot-theory does not depends on the analytic structure. For example, when M is the link of a rational singularity, then any principal analytic realizable multilink (M, L) is so realizable in any analytic structure (Z, p) on C(M ) [1] . The same conclusion holds when M is the link of a minimally elliptic singularity and L is a knot, possibly with multiplicity ( [17] , lemma p. 102). It seems likely that in most, if not all, other cases the principle analytic knot theory is sensitive to analytic structure. We are willing to dare a conjecture in the Z-homology sphere case. In this case there is no homological obstruction to the principal analytic realizability (Theorem 2.1 (iii)).
Denote the Brieskorn singularity {( by  V (p, q, r) and its link by M (p, q, r) . If p, q, r are pairwise coprime then M = M (p, q, r) is a Z-homology sphere. The only Z-homology sphere links of rational and minimally elliptic singularities are M (2, 3, 5) (rational) and M (2, 3, 7) and M (2, 3, 11) (minimally elliptic). So the principal knot theory of these is completely understood (even the principal analytic link theory for M (2, 3, 5) ). We can prove the conjecture in many cases. We give two examples to illustrate the arguments. M (p, q, r) is Seifert fibered with singular fibers
As L satisfies condition (iii) of Theorem 2.1, it is principal analytic in some analytic structure.
2) In M (3, 4, 19) let L be the (2, 3)-cable on L 3 . As L satisfies condition (iii) of Theorem 2.1, it is principal analytic in some analytic structure.
(2) Let (Z, p) be an analytic structure on C(M (3, 4, 19) ) such that both L 2 and
Proof. (1) Assume the contrary. Let E i , i = 1, . . . , 5 be the irreducible components of the exceptional divisor of the minimal resolution π : Σ → Z of (Z, p) as in the figure below.
The total transform of f 3 is (f 3 • π) = 3E 1 + 2E 2 + 6E 3 + E 4 + E 5 + l 3 , so its multiplicity on E 4 is 1, which means that f 3 is a local coordinate on the transverse curve f −1 (0) to E 4 , so f −1 (0) is smooth. Therefore, the Milnor fibre F t of f , t = 0, is a disk, as it is a smoothing of f −1 (0). But the total transform of f is (f •π) = 6E 1 +4E 2 +12E 3 +2E 4 +E 5 +l, which leads to χ(F t ) = 6+4−12−2+1 = −3. Contradiction.
(1)
2) Assume the contrary to the proposition. Let f : (Z, p) → (C, 0) be such that L is the link of f −1 (0). The splice diagram is as follows:
L2 w w n n n n n n n n n
The semi-group of values Γ(C) of the curve C = f −1 (0) contains the two values 2 and 9 associated with the functions f 2 and f 3 (these are computed as the product of splice diagram weights adjacent to the path between the corresponding arrowheads). So Γ(C) contains the semi-group 2, 9 = {2, 4, 6, 8, 8 + Z + . . .} which has 4 missing numbers (1, 3, 5 and 7) . Therefore, the δ-invariant δ(C) of C, which counts the number of gaps in Γ(C), is at most 4, so µ(C) = 2δ ≤ 8. But the multiplicities of C leads to χ(F t ) = 12 + 9 − 36 − 6 + 2 = −19. Then µ = 20. Contradiction.
In view of the above discussion, the following question is natural. If M is a Q-homology sphere this ubiquitous link has one component for each vertex of the negative definite plumbing graph (since each g i is 0). It seems unlikely that this can be reduced much in general, although in the rational and minimally elliptic cases 1 component suffices.
In the original version of this theorem in [2] , L had one extra component for each edge of the plumbing graph. The proof of the above improvement is a small modification of that proof, but the 8 page limit on contributions to this volume leaves insufficient space to give it here.
Singularities of splice type
In [12, 13] the first author and J. Wahl introduce an important class of singularities with Q-homology sphere links called "splice-quotient singularities," or briefly "splice singularities." This class includes all rational singularities and all minimal elliptic singularities with Q-homology sphere links. This was first proved by Okuma [15] , see also the appendix to [12] . It now follows from the following characterization of splice singularities by their principal analytic knot theory. We assume M is a Q-homology sphere. The dual resolution graph is then a tree. The property of being rational or minimally elliptic is topologically determined, so any singularity with one of these topologies is splice. But in general the same topology may support both splice and non-splice singularities. For example, Proposition 3.1 implies for either of the examples it addresses, that if one takes an analytic structure for which the knot L is principal, then that singularity is not splice.
Associated to any plumbed Q-homology sphere is a simplified version of the resolution graph, called the splice diagram. A fundamental property of the splice diagrams of links of splice singularities is the so-called "semigroup condition" (loc.
cit.). The following question is of fundamental importance, since a Z-sphere counterexample would give a complete intersection singularity with Z-homology sphere link that is not splice (conjectured not to exist), and would give a likely candidate also to contradict the Casson Invariant Conjecture of [11] .
Question 4.1. Is the principal knot theory of a splice singularity topologically determined? Specifically, is a knot L ⊂ M with multiplicity principal analytic if and only if it represents zero in homology of M and the splice diagram for (M, L) satisfies the semigroup condition?
